Introduction {#Sec1}
============

Schrödinger operators with radially periodic potentials attracted attention because they exhibit interesting spectral properties. It was noted early \[[@CR10]\] that the essential spectrum threshold of such an operator coincides with that of the one-dimensional Schrödinger operator describing the radial motion. More surprising appeared to be the structure of the essential spectrum which may consist of interlacing intervals of dense point and absolutely continuous nature as was first illustrated using potentials of cosine shape \[[@CR11]\].
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                \begin{document}$$\ge 2$$\end{document}$, the two-dimensional case is of a particular interest because here these operators can also have a discrete spectrum below the threshold of the essential one. This fact was first observed in \[[@CR5]\] and the national pride inspired the authors to refer to this spectrum as to *Welsh eigenvalues*; it was soon established that that their number is infinite if the radially symmetric potential is nonzero and belongs to $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta $$\end{document}$ interactions or more general singular interactions \[[@CR7], [@CR8]\].

The question addressed in this paper is how are the Welsh eigenvalues influenced by a local magnetic field preserving the rotational symmetry. For simplicity, we will choose the simplest setting, the two-dimensional system with $\documentclass[12pt]{minimal}
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                \begin{document}$$r_n=d(n+\frac{1}{2}),\, n=0,1,\dots \,$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$d>0$$\end{document}$. Without the presence of the magnetic field, the corresponding Hamiltonian can be symbolically written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_{\beta } = -\Delta +\beta \sum _{n}\delta (x-\mathcal {C}_{r_{n}}),\quad \beta \in \mathbb {R}, \end{aligned}$$\end{document}$$which can be given meaning as a self-adjoint operator in $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(\mathbb {R}^2)$$\end{document}$ as we will recall below. As we have said, the discrete spectrum of $\documentclass[12pt]{minimal}
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                \begin{document}$$H_\beta $$\end{document}$ is infinite \[[@CR8]\], which is a direct consequence of the fact that the effective potential in the s-wave component contains the term $\documentclass[12pt]{minimal}
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                \begin{document}$$-\frac{1}{4r^2}$$\end{document}$ producing an infinite number of eigenvalues below $\documentclass[12pt]{minimal}
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                \begin{document}$$ \inf \sigma _\mathrm {ess}(H_\beta )$$\end{document}$.

The magnetic interaction we add is also chosen in the simplest possible way, namely as an Aharonov--Bohm flux $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ at the origin of the coordinates, measured in suitable units, that gives rise to a magnetic field vanishing outside this point. The corresponding Hamiltonian will be denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\alpha ,\beta }$$\end{document}$ and as we will argue, it is sufficient to consider flux values up to half of the quantum, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in (0,\frac{1}{2})$$\end{document}$. Since singular interactions are involved, it may be useful to stress that we consider an Aharonov--Bohm flux alone, without any additional point interactions at origin *à la* \[[@CR1], [@CR6]\]. It is known that local magnetic fields generally, and Aharonov--Bohm fluxes in particular, can reduce the discrete spectrum, if combined with an effective potential that behaves like $\documentclass[12pt]{minimal}
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                \begin{document}$$r^{-2}$$\end{document}$, on the borderline between short and long range, the effect can be dramatic \[[@CR14]\].

We are going to show that in the present model the Aharonov--Bohm field also influences the discrete spectrum but the dependence on the flux value is more complicated. Specifically, we claim thatthere is an $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\mathrm {crit}}(\beta )=\alpha _{\mathrm {crit}} \in (0, \frac{1}{2})$$\end{document}$ such that for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in (0,\alpha _{\mathrm {crit}})$$\end{document}$ the discrete spectrum of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\alpha ,\beta }$$\end{document}$ is infinite accumulating at the threshold $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in [\alpha _{\mathrm {crit}},\frac{1}{2})$$\end{document}$ there is at most a finite number of eigenvalues below $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\mathrm {crit}}(\beta )$$\end{document}$ admits the following asymptotics, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \alpha _{\mathrm {crit}}(\beta )\rightarrow \frac{1}{2} - \quad \mathrm {for }\quad \beta \rightarrow \pm \infty \end{aligned}$$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \alpha _{\mathrm {crit}}(\beta )\rightarrow 0 + \quad \mathrm {for }\quad \beta \rightarrow 0 , \end{aligned}$$\end{document}$$for any fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta _0>0$$\end{document}$ such that for any $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _\mathrm {d}(H_{\frac{1}{2},\beta }) = \emptyset $$\end{document}$ holds for any $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta \in \mathbb {R}$$\end{document}$.These properties will be demonstrated in Sects. [3](#Sec3){ref-type="sec"} and [4](#Sec4){ref-type="sec"}; before coming to that, in the next section we introduce properly the Hamiltonian and derive its elementary properties.

Preliminaries {#Sec2}
=============
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                \begin{document}$$\phi $$\end{document}$ perpendicular to the plane to which the particle is confined and placed at the origin of the coordinates corresponding to the vector potential$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A(x,y) = \frac{\phi }{2\pi }\left( -\frac{y}{r^2}, \frac{x}{r^2} \right) . \end{aligned}$$\end{document}$$In the rational units we use, the flux quantum is $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha := \frac{\phi }{2\pi }$$\end{document}$. Given this *A* we define the 'free' Aharonov--Bohm Hamiltonian$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_\alpha := (-i\nabla - A)^2,\quad D(H_\alpha )= \left\{ f\in L^2 (\mathbb {R}^2):\, (-i\nabla - A)^2 f \in L^2 \right\} , \end{aligned}$$\end{document}$$where the domain is sometimes dubbed magnetic Sobolev space. Since the integer part of a given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ can be removed by a simple gauge transformation, it is sufficient to consider $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ is also obvious from the partial wave decomposition presented below, cf. ([2.1](#Equ1){ref-type=""}) and ([2.2](#Equ2){ref-type=""}).

The radial symmetry allows us to describe $\documentclass[12pt]{minimal}
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                \begin{document}$$H_\alpha $$\end{document}$ in terms of the partial wave decomposition. To this aim, we introduce the unitary operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L^{2} (\mathbb {R}^2 )= \bigoplus _{l\in \mathbb {Z}} U^{-1} L^2 (\mathbb {R}_+ ) \otimes S_l, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {e}^{il\theta } $$\end{document}$, the eigenspace of angular momentum operator on the unit circle, and the corresponding decomposition of the Hamiltonian$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_{\alpha }= \bigoplus _{l} U^{-1} H_{\alpha , l } U \otimes I_l, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$K_\nu (\cdot )$$\end{document}$ stands for the modified Bessel function of the second order, cf. \[[@CR3], Eq. 9.6.23\].
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As in \[[@CR7]\] it is useful to introduce a one-dimensional comparison operator which is the usual *Kronig--Penney Hamiltonian* with equidistantly spaced $\documentclass[12pt]{minimal}
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Proof {#FPar2}
-----
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Properties of the discrete spectrum {#Sec3}
===================================
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To formulate the first main result, we denote by *u* the *d*-periodic real-valued solution of the one-dimensional comparison problem,$$\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar3}
-----------
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Proof {#FPar4}
-----
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Moreover, in our present case the critical value can be computed explicitly because we know the function *u*, which is equal to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u(x) = \left\{ \begin{array}{ll} \mathrm {e}^{-\kappa _0 (x-d/2) }+\mathrm {e}^{\kappa _0 d}\mathrm {e}^{\kappa _0 (x-d/2)} &{} \quad \hbox {for }\,\, 0<x<\frac{d}{2}, \\ \mathrm {e}^{\kappa _0 d} \mathrm {e}^{-\kappa _0 (x-d/2)}+ \mathrm {e}^{\kappa _0 (x-d/2)} &{} \quad \hbox {for }\,\, \frac{d}{2}<x<d, \end{array} \right. \end{aligned}$$\end{document}$$cf. \[[@CR2], Sect. III.2.3\], where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\kappa _0 = k_0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_0^2=E_0$$\end{document}$ comes from solution of the Kronig--Penney condition, Eq. (2.3.16) in \[[@CR2]\], with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta =0$$\end{document}$. While one cannot write the solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _0=\kappa _0(\beta )$$\end{document}$ in a closed form, its behavior is well known, cf. Theorem 3.2.3 and Figure 39 in \[[@CR2]\]. Note further that the function ([3.8](#Equ15){ref-type=""}) is obviously real-valued if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta <0$$\end{document}$ so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0<0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _0>0$$\end{document}$, in the opposite case with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta >0$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0>0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _0$$\end{document}$ is purely imaginary, nevertheless *u* is a multiple of a real-valued function again. A straightforward calculation then yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} D_1: = \frac{1}{d }\int _{0}^d u^2\,\mathrm {d}x =\frac{2}{d}\,\mathrm {e}^{\kappa _0 d} \left( \frac{1}{2\kappa _0 } \left( \mathrm {e}^{\kappa _0 d }- \mathrm {e}^{-\kappa _0 d }\right) +d\right) \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} D_2: = \frac{1}{d }\int _{0}^d \frac{1}{u^{2}}\,\mathrm {d}x =\frac{1}{d\kappa _0} \,\mathrm {e}^{-\kappa _0 d}\left( \frac{1}{2} - \frac{1}{1+\mathrm {e}^{\kappa _0 d }}\right) . \end{aligned}$$\end{document}$$Using this notation, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_{\mathrm {crit}}=-\frac{1}{4} \frac{1}{D_1 D_2} = -\frac{1}{4} \kappa _0 d \left( \frac{\sinh (\kappa _0 d)}{\kappa _0 d} +1\right) ^{-1} \coth \left( \frac{\kappa _0 d }{2}\right) . \end{aligned}$$\end{document}$$These expressions allow us, in particular, to find the behavior of the critical flux values in the asymptotic regimes.

First, let us consider *weak coupling constant case*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \rightarrow 0 $$\end{document}$. We derive the asymptotics of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0 $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ relying on the spectral conditions, cf. \[[@CR2]\], Eqs. (2.3.24) and (2.3.25),$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \coth \Big (\frac{1}{2}\kappa d\Big )=\frac{2\kappa }{|\beta |} \qquad \mathrm {for}\quad \beta <0\, \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \cot \Big (\frac{1}{2} kd\Big ) = \frac{2k}{\beta }\qquad \mathrm {for}\quad \beta >0. \end{aligned}$$\end{document}$$Then, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta <0$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0=-\kappa _0^2$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _0$$\end{document}$ is the solution of ([3.10](#Equ17){ref-type=""}) and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta >0$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0 =k_0^2$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_0$$\end{document}$ is the lowest solution of ([3.11](#Equ18){ref-type=""}). This implies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_0 = \frac{\beta }{d} -\frac{1}{12}\beta ^2+\mathcal {O} (\beta ^3), \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \rightarrow 0$$\end{document}$. Consequently, applying ([3.9](#Equ16){ref-type=""}) one obtains$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_{\mathrm {crit}}= -\frac{1}{4} + \mathcal {O} (\beta ^2). \end{aligned}$$\end{document}$$This yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _{\mathrm {crit}}(\beta ) = \mathcal {O} (\beta ^2), \quad \beta \rightarrow 0 \end{aligned}$$\end{document}$$which is certainly not surprising in view of the fact that the discrete spectrum is empty for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =0$$\end{document}$.
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The above results tell us nothing about the spectrum of $\documentclass[12pt]{minimal}
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Proof {#FPar8}
-----
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Lemma 4.2 {#FPar9}
---------
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Proof {#FPar10}
-----
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With a further purpose in mind, we introduce a symbol for the second term at the right-hand side of ([4.3](#Equ24){ref-type=""}),$$\documentclass[12pt]{minimal}
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Lemma 4.3 {#FPar11}
---------
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Proof {#FPar12}
-----

Note first that an integration by parts in combination with conditions ([2.2](#Equ2){ref-type=""}) yields$$\documentclass[12pt]{minimal}
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Proof of Theorem 4.1, continued {#FPar13}
-------------------------------
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Oscillation theory tools {#Sec5}
========================

To make the paper self-contained, we collect in this section the needed results of oscillation theory for singular potentials derived in \[[@CR8]\]. Note that they extend the theory of Wronskian zeros for regular potentials developed in \[[@CR9]\], related results can also be found in \[[@CR19]\].
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Concluding remarks {#Sec6}
==================

The main aim of this letter is to show that the influence of a local magnetic field on the Welsh eigenvalues depends nontrivially on the magnetic flux. In order to make the exposition easy, we focused on the simple setting with radial $\documentclass[12pt]{minimal}
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